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Abstract
The research presented in this manuscript addresses the problem of fitting a mathematical model
to epidemic data. We present a quantitative analysis of an epidemiological model of HIV-AIDS
using Bayesian inference. The epidemic model considered consists of a suitable system of or-
dinary differential equations. We perform a local and global sensitivity analysis to determine
which model parameters are the most relative important to disease transmission and prevalence.
The data set is from the Mexican public health sector. We formulate an inverse problem associ-
ated to the fitting problem. We propose and implementation of Bayesian inference to solve the
parameter estimation problem. We analyze the selection of the likelihood and a prior distribu-
tion of the parameters. We estimate the basic reproductive number R0 of this disease based on
the estimation of the model parameters. Also, we perform an uncertainty quantification of the
associated inverse problem.
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1 Introduction
About 38 million people worldwide are estimated to be living with human immunodeficiency virus
(HIV) and around 8 hundred thousand people have died of acquired immunodeficiency syndrome
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(AIDS) in 2019 or 25 million have died from AIDS since the first cases were identified in 1981. About
2.5 million children under the age of 15 years are living with HIV and more than 12 million have
been orphaned by AIDS by 2004. An increase number of individuals infected with HIV are now be-
coming ill and will die in the absence of intervention strategies in African countries. (people infected
with Tuberculosis germ and HIV are thirty times more likely to become sick with Tuberculosis.)
Progression from HIV infection to AIDS occurs approximately over a decade or two. In the regional
analysis of UNAIDS shows that the main concentration of AIDS cases are in developing countries,
68% of persons living with HIV are in Subsaharian Africa in 2010. In second place is eastern and
southeastern Asia, with an estimated number of 4 millions. Latin America, eastern Europe and
central Asia are in the third place. The use of antiretroviral drug have decreased the number of
deaths related to AIDS.

The HIV is a lentovirus of the Retroviridae family, the cause of AIDS. The main characteristic
of the HIV is its large incubation period, several years in average. There exist two types of VIH,
named VIH-1 and VIH-2, the former is more ineffective than the latter. The VIH-1 is the cause
of most infections by HIV in the world. Figure 1 shows the cases of HIV and AIDS from 1983 to
2018 from CENSIDA. Figure 2 shows the cases of HIV and AIDS with respect to each quinquennial
chronological group.
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Figure 1: HIV-AIDS cases.
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Figure 2: HIV-AIDS cases by chronological ages groups.

2 Model
We consider a simple age-structured epidemic model in which HIV/AIDS is spread in a population of
ages in groups [ai−1, ai] where a0 = 0 and an =∞. We divide the population into the compartments
of susceptible individuals, infective individuals and AIDS, denoted by S, I and A, respectively.
Assume a birth rate

We consider different infection stages during the course of HIV infection. According to data from
WHO, HIV positive individuals pass through three main stages of infection before progressing to full-
blown AIDS, as in figure . Also the population is divided into n age groups: [a0, a1), [a1, a2), · · · , [an−1, an).
We have added vertical transmission, we assume that a fraction p of newborns from the infected pop-
ulation becomes infected at birth, and the remaining fraction (1−p) are susceptible. Let S = S(α, t)
denote the age-density of susceptible population at time t and chronological age α. Let αM be the
highest age attained by the individuals in the host population. Let I = I(α, β, t) be the density of in-
dividuals with HIV-positive virus at chronological age α, infection age β and time t. Let A = A(α, t)
denote the age-density of individuals with AIDS at time t and chronological age α. For any given
time t ≥ 0, I(α, β, t) is defined on the following domain ΩI = {(α, β)|0 < α < αM , 0 < β < βM}.
Let ν(α), σ(α, β) and µ denote the age-specific mortality rate, the rate of transition from I-group to
A-group and the birth rate of the population, respectively. According to the mechanism of infection,
we introduce the following age-specific force of infection denoted by λ(α, t):

λ(α, t) = r1(σ)

∫ αM

α0

∫ βM

0

r2(α, α′, β′)I(α, β, t)dβ′dα′ (1)

where r1(σ) is the number of partners that an individual of age α has per unit time, r2(α, α′, β′)
the transmission probability of a susceptible individual of age σ infected by an infected partner of
age α′ at infection age β′. The functions r1 and r2 satisfy the following assumption: r1(α) ≥ 0 is
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continuous on [α0, αM ] and r2(α, α′, β′) ≥ 0 is continuous on ΩI Under these definitions, and above
assumptions, we formulate the following SIA type model

Sα + St = µ− (ν(α) + λ(α, t))S(α, t)

S(α0, t) = B

S(α, 0) = Φ(α)

(2)

Iα + Iβ + It = λ(α, t)S(α, t)− (ν(α) + σ(α, β))I(α, β, t)

I(α0, σ, t) = 0

I(α0, 0, t) = λ(α, t)S(α, t)

I(α0, σ, 0) = Ψ(α, σ)

(3)

Aα +At = σ(α, β)A(α, t)− (ν(α) + κ(α, σ)A(α, t)

A(α0, t) = 0

A(α,0) = 0

(4)

where B is constant corresponding to the number of susceptible individuals of age α0 and Ψ(α, σ)
is the initial condition for the infected people at chronological age α0 at time t = 0.

Under certain conditions, (the above) the chronological age and infection age PDE model can be
reduced to a system of ODEs:

Ṡ1 = µ− β11S1 − (ν1 + η1)S1 − pµ
∑m,n

i=1,j=2
Iij

Ṡj = νj−1Sj−1 − β11Sj − (νj + ηj)Sj , i = 1, . . . ,m, j = 2, . . . , n

İ11 = S1

∑3

i=1
βi1Ii1 − (ν1 + σ1)

∑3

i=1
Ii1 + pµ

∑m,n

i=1,j=2
Iij

İij =
∑m,n

i=1,j=2
βijSjIij − (νj + σj)Iij , i = 1, . . . ,m, j = 2, . . . , n

Ȧ1 = σ1I1 − (ν1 + κ1)A1

Ȧj = σjIj − (νj + κj)Aj , j = 2, . . . , n

(5)

The total number of newborns with is µ, pµ
∑m,n
i=1,j=2 Iij is the number of newborns who are infected

at birth. If we consider only one chronologica age group, we obtain the following diagram
The flow diagram of the infection is the following
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Figure 3: Transfer diagram for a SIA model.

where λ, the standard incidence function, can be approximated using three infection age stages,
i.e., λ(t) = c

N (β1I1 + β2I2 + β3I3). We highlight that we will use model (5) for future research. We
have used the following model to illustrate preliminary results.

dS

dt
= µ− S

N
βI − νS

dI

dt
=
S

N
βI − (σ + ν)I

dA

dt
= σI − (κ+ ν)A.

(6)
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The feasible region of (5) is
Ω =

{
(i, a) ∈ R2

+ : 0 ≤ i+ a ≤ 1
}
, (7)

where R2
+ denotes the positive quadrant of R2. The following lemma establish that the system is

well-defined in the sense that solutions with initial conditions in Ω stay there for all t > 0. The basic
reproductive number is

R0 =
β

(σ + ν)
. (8)

There exist two equilibrium points, P0 and P∗ for system (6), the disease-free point and endemic
point, respectively

P0 =
(µ
ν
, 0, 0

)
, (9)

P∗ =

(
µ(κ+ ν + σ)

β(κ+ ν)− κσ
,

µ(κ+ ν)

β(κ+ ν)− κσ
(R0 − 1) ,

µσ

β(κ+ ν)− κσ
(R0 − 1)

)
, (10)

3 Sensitivity analysis

3.1 Local sensitivity
In determining how best to reduce the number of susceptible population due to the disease outbreak,
it is necessary to know the relative importance of the different factors responsible for its transmission
and prevalence. Initial disease transmission is directly related to R0, and disease prevalence is
directly related to the endemic equilibrium point, P∗ = (S∗, I∗, A∗), specifically to the magnitude
of I∗, since it represents the people who may be clinically ill. We calculate the sensitivity indices
of the reproductive number, R0, and the infected population of the endemic equilibrium point, I∗,
to the parameters in the model. These indices tell us how crucial each parameter is to disease
transmission and prevalence. Sensitivity analysis is commonly used to determine the robustness of
model predictions to parameter values since there are usually errors in data collection and presumed
parameter values [8, 3]. Here we use it to discover parameters that have a high impact on R0 and
I∗, and should be targeted by intervention strategies.

The prevalence of HIV, i.e., the accumulated cases of HIV incidence between two times of obser-
vation ti−1, ti is

Φi =

∫ ti

ti−1

(β
I

N
+ ξ)Sdt. (11)

where ξ is a small parameter which corresponds the rate of infecting due to drug syringe exchange.
Meanwhile the prevalence of AIDS, i.e., the accumulated cases of AIDS incidence between two times
of observation ti−1, ti is The prevalence of the disease is

Ξi =

∫ ti

ti−1

σISdt. (12)

Sensitivity indices allow us to measure the relative change in a state variable when a parameter
changes. The normalized forward sensitivity index of a variable to a parameter is the ratio of the
relative change in the variable to the relative change in the parameter. When the variable is a
differentiable function of the parameter, the sensitivity index may be alternatively defined using
partial derivatives [8, 3].

Definition 1 The normalized forward sensitivity index of a variable, Q, that depends differentiably
on a parameter, p, is defined as:

ΥQ
p :=

∂Q

∂p
× p

Q
(13)
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As we have an explicit formula for R0 (8) and P∗ (10), we derive an analytical expression for the
sensitivity of both R0 and P0, to each of the seven different parameters described in table 1.

3.2 Global sensitivity
Global sensitivity analysis is to identify relevant and noninfluential parameters when parameter val-
ues are not specified but vary over the entire range of input values. One objective of global sensitivity
analysis is to quantify how uncertainties in model outputs can be apportioned to uncertainties in
model inputs that are considered in parameter space. Global sensitivity analysis techniques can
be broadly categorized as regression, variance, or screening-based methods. Variance-based indices
are advantageous over regression ans correlations-based indices since they do not require linear-
ity or monotonicity. For this reason, they are sometimes referred to as model-free methods. We
used variance-based indices, more specifically Sobol indices, in this manuscript. We briefly describe
formulas for Sobol indices for uniform densities in this subsection and present their derivation in
appendix

Consider the scalar-valued , nonlinear model Y = f(Q), where Q = [Q1, . . . , Qp] ∈ Γ ⊂ Rp. We
initially assume that the random variables are independent and uniformly distributed on [0, 1] so
that

Qi ∼ U(0, 1), Γ = [0, 1]p.

We consider the second-order High-dimensional model representation (HDMR) or Sobol expansion

f(q) = f0 +

p∑
i=1

fi(qi) +
∑

1≤i≤j≤p

fij(qi, qj). (14)

The first order Sobol sensitivity indices are defined by

Si =
var[E(Y |qi)]

var(Y )
, (15)

and total sensitivity index by

STi
= 1− var[E(Y |q∼i)]

var(Y )
=

E[var(Y |q∼i)]
var(Y )

. (16)

4 Parameter estimation of the epidemic model
Even for the correct set of parameters, there is intrinsic discrepancy between the data and the model
prediction because of noise measurements. The model may be incomplete, i.e., it may not consider
all the relevant variables of the phenomena, or there could be a model error, where the model’s
assumptions may not be fulfilled. For the parameter estimation, we used Bayesian inference in this
manuscript. First, we formulate the inverse problem associated to the parameter estimation. Denot-
ing the state variable x = (S, I, A), and the parameters θ = (µ,N, β, ν, σ, κ, ξ, S(0), I(0), A(0)) ∈ R10,
we can write the model (6) as the following Cauchy problem

ẋ = ϕ(x, θ) (17a)
x(0) = x0. (17b)

Problem (17), called the forward problem, defines a mapping Φ(θ) = x from parameters θ to state
variables x, where Φ : Rm+ →

(
L2([0, T ]

)n, where R+ denotes the nonnegative real numbers and m is
the dimension number of parameters to estimate and n is the number of state variables. We assume
that Φ has a Fréchet derivative, denoted by Φ, and is injective, thus the forward problem (17) has a
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unique solution x for a given θ. The Fréchet derivative of Φ is a mapping Φ′(θ) : Rm+ →
(
L2([0, T ]

)n,
resulting as the usual derivative since the domain and range of Φ′ are finite dimensional spaces for
the system (6).

Typically the data in epidemics consists of measurements of a subset of the sate variables at a
discrete set of point t1, ..., tk. In case of HIV-AIDS, data consists of counting the number of infected
with the HIV virus and people who have progressed to AIDS, and dead people caused by AIDS dis-
ease. This defines a linear observation mapping from state variables to data Ψ :

(
L2([0, T ]

)n → Rp×k,
where p ≤ n is the number of observed variables and k is the number of observation points. Con-
sidering infectious disease such as HIV-AIDS, Ψ(x) = (I(t1), . . . , I(tk), A(t1), . . . , A(tk)) ∈ R2×k,
i.e., in this case, the infected population with HIV, I(t), and the people with AIDS, A(t), are the
measurable state variables. Let F : Rm → Rs×k be defined by F (θ) = Ψ(Φ(θ)), the inverse prob-
lem parameter estimation of ordinary differential equation systems is to find the parameter θ which
minimize the cost functional J

min
θ∈Rm

J(θ),

subject to: ẋ = ϕ(x, θ), x(0) = x0;
(18)

The cost functional ,J , is typically written as a Gaussian distribution or the following least-squares
form

J(θ) = ‖Ψ(x)− xη‖2, (19)

where xη ∈ Rp×k is the data which has error measurements of size η. Since the data in epidemics
consists of counting the number people with HIV/AIDS, a Poisson distribution instead of a Gaussian
distribution may be used to model the cost functional J(θ). Problem (17) may be solved using
numerical tools to deal with a nonlinear least-squares problem or the Landweber method or the
combination of both. The Landweber method has been used in [4]. We point out that faster methods
as the Levenberg-Marquardt or Conjugate Gradient ones than Landweber method, may be used to
obtain a faster convergence. The Landweber iteration is explained as follows [2]. We implement
Bayesian inference to solve the inverse problem (18) in this manuscript. In this framework, we
calculate the posterior distribution of the Bayes theorem θ is

π(θ|xη) ∼ π(xη|θ)π(θ) (20)

Note that the right expression of (20) is not divided by the marginal density π(x). For fit curve this
is possible, not for comparison between models. The likelihood probability distribution is

xi ∼ Poisson(KΦi(θ))

where Φi the prevalence of HIV (11) and K is the rate of infected individuals’ detection. Now, it is
clear the reason for introducing the parameter ξ in (11), it is because in this way we can identify the
parameters β and K, not only its product Kβ. Next, the likelihood density, π(z|θ), is calculated by
the product of the individual probability densities of the observations

π(z|θ) =

n∏
i=1

π(zi|θ) =

n∏
i=1

e−KΦi(θ)(−KΦi(θ))
zi

zi!
(21)

We select Gamma distributions for the a priori distributions rates β,K.

π(θ) =

n∏
i=1

Gamma(aβ , bβ)×Gamma(aK , bK) (22)

For the Markov Chain Monte Carlo Metropolis Hasting simulations we have used the following
parameters values, corresponding to Mexican data, total population N = 126577691, I0 = 1, A0 = 67
(year 1984), S0 = N − (I0 +A0).
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Parameter Description Baseline low Baseline high
µ natural birth rate (year−1) 1× 10−5 0.1

β Probability of infecting per contact in I1 (year−1) 1× 10−5 0.99

ν natural death rate (year−1) 1× 10−5 0.1

σ transmission rate from HIV to AIDS (year−1) 1× 10−4 0.9

κ death rate caused by AIDS (year−1) 1× 10−6 1× 10−4

K rate of infected individuals’ detection (year−1) 1× 10−2 4

Table 1: Parameters values used for sensitivity analysis and problem (18).

Parameter R0 I∗
µ 0. 1.0
β 1. −11.1
ν −0.09 −9.08
σ −0.9 10.09
κ 0. 9.09

Parameter R0 I∗
µ 0. 1.0
β 1. −100.001
ν −0.1 8.9
σ −0.9 90.1
κ 0. −0.00009

Table 2: Local sensitivity indices of R0 and P∗ with respect to the parameter values, evaluated at
the baseline low (left) and at the baseline high (right) given by 1.

Figure 4: Parameter estimation of β and K (left), and the reproductive number R0 (right), using
Bayesian inference.
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Figure 5: HIV curve fitting .

Appendix
In this appendix, we describe the Sobol indices derivation considering uniform densities and present
and algorithm to calculate them. Sobol inidices for general densities are discussed in [6]. Consider
the scalar-valued , nonlinear model Y = f(Q), where Q = [Q1, . . . , Qp] ∈ Γ ⊂ Rp. We initially
assume that the random variables are independent and uniformly distributed on [0, 1] so that

Qi ∼ U(0, 1), Γ = [0, 1]p.

We consider the second-order High-dimensional model representation (HDMR) or Sobol expansion

f(q) = f0 +

p∑
i=1

fi(qi) +
∑

1≤i≤j≤p

fij(qi, qj) (23)

subject to the condition∫ 1

0

fi(qi)dqi =

∫ 1

0

fij(qi, qj)dqi =

∫ 1

0

fij(qi, qj)dqj = 0, (24)

which ensures that the functions are orthogonal in the sense that∫
Γ

fi(qi)fj(qj)dqidqj =

∫
Γ

fij(qi, qj)dqidqj = 0 (25)

for i, j = 1, . . . , p.
Let

E(Y |qi) =

∫
Γp−1

f(q)dq∼i, (26)

E(Y |qi, qj) =

∫
Γp−2

f(q)dq∼ij , (27)
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denote the expected responses when the components qi and qi, qj are fixed. Where Σp−1 = [0, 1]p−1

and Σp−2 = [0, 1]p−2 and q∼i denotes the vector having all the components of q except those in the
set i;

q∼i = [q1, . . . , qi−1, qi+1, . . . qp].

The expansion terms: zeroth-, first-, and second-order terms have variance interpretations as follows

f0 =

∫ 1

0

[∫
Γp−1

f(q)dq∼i

]
dqi = E[E(Y |qi)] = E(Y ), (28a)

fi(qi) = E(Y |qi)− f0, (28b)
fij(qi, qj) = E(Y |qidqj)− fi(qi)− fi(qj)− f0 (28c)

The total variance D of the response Y is given by

D = var(Y ) =

∫
Γ

f2(q)dq − f2
0 (29)

since f0 = E(Y ). By employing the expansion (14) and enforcing the orthonormality conditions (24)
and (25), the total variance can be expressed as

D =

p∑
i=1

Di +
∑

1≤i≤j≤p

Dij (30)

where the partial variances are

Di =

∫ 1

0

f2
i (qi)dqi,

Dij =

∫ 1

0

∫ 1

0

f2
ij(qi, qj)dqidqj .

The Sobol indices are defined to be

Si =
Di

D
, Sij =

Dij

D
, i, j = 1, . . . , p, (31)

so, by the definition, they satisfy
p∑
i=1

Si +
∑

1≤i≤j≤p

Sij = 1.

The terms Si are often termed the importance measures or first-order sensitivity indices, and large
values of Si indicate parameters that strongly influence the response variance. Similarly, Sij account
for the influence of interaction terms. Because the number of first- and second-order Sobol indices
is p +

p(p− 1)

2
, their analysis quickly becomes untenable for large parameter dimensions. This

motivates the consideration of total sensitivity indices

STi
= Si +

p∑
j=1

Sij , (32)

which quantify the total effect of the parameter Qi on the response Y .
Using the equation (28), it follows that

Di = var[E(Y |qi)] (33)
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and hence
Si =

var[E(Y |qi)]
var(Y )

. (34)

Similarly, one can show that

Dij = var[E(Y |qi, qj)]− varE[(Y |qi)]− varE[(Y |qj)], (35)

which yields a variance interpretation for Sij . Finally, the total sensitivity index has the interpreta-
tion

STi = 1− var[E(Y |q∼i)]
var(Y )

=
E[var(Y |q∼i)]

var(Y )
. (36)

The computation of Si given by (34) requires the approximation of var[E(Y |qi)]. If one uses M
Monte Carlo evaluations to approximate the conditional mean E(Y |qi) for fixed qi and repeats the
procedure M times to approximate the variance, a total of M2 evaluations will be required to
evaluate a single sensitivity index. For large parameter dimensions p, this approach is prohibitive.
The following algorithm of Saltelli, reduces the number of required function evaluations toM(p+2).

Algorithm
1. Create two M × p sample matrices

A =

 q
1
1 · · · q1

i · · · q1
p

...
...

qM1 · · · qMi · · · qMp

 , B =

 q̂
1
1 · · · q̂1

i · · · q̂1
p

...
...

q̂M1 · · · q̂Mi · · · q̂Mp


where qji and q̂ji are quasi-random numbers drawn from the respective densities.

2. Create M × p matrices

Ci =

 q̂
1
1 · · · q̂1

i · · · q̂1
p

...
...

q̂M1 · · · q̂Mi · · · q̂Mp

 (37)

which are identical to B with the exception that the ith column is taken from A.
3. Compute M × 1 vectors of model outputs

yA = f(A), yB = f(B) yCi
= f(Ci) (38)

by evaluating the model at the input values in A,B and Ci. The evaluation of yA and yB requires
2M model evaluations, wheras the evaluation of yCi

, i = 1, . . . , p, requires pM evaluations. Hence
the total number of model evaluations is M(p+ 2).

4. The estimates for the first-order sensitivity indices are

Si =
var[E(Y |qi)]

var(Y )
=

1
M yTAyCi

− f2
0

yTAyA − f2
0

=
1
M

∑M
j=1 y

j
Ay

j
Ci
− f2

0∑M
j=1(yjA)2 − f2

0

, (39)

where the mean is approximated by

f2
0 =

 1

M

M∑
j=1

yjA

 1

M

M∑
j=1

yjB

 . (40)
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The estimates for the total effects indices are

STi = 1− var[E(Y |q∼i)]
var(Y )

= 1−
1
M yTByCi − f2

0

yTAyA − f2
0

=
1
M

∑M
j=1 y

j
By

j
Ci
− f2

0∑M
j=1(yjA)2 − f2

0

. (41)

The intuition for the algorithm is the following. In the scalar product yTAyCi , the response computed
from values in A is multiplied by values for which all parameters except qi have been resampled. If
qi is influential, then large (or small) values of yA will be correspondingly multiplied by large (or
small) values of yCi

, yielding a large value of Si. If qi is not influential, large and small values of yA
and yCi

will occur more randomly and Si will be small.
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